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ABSTRACT: The small-angle neutron scattering (SANS) interaction parameter øNS in isotope blends
almost always exhibits pronounced upward curvature when plotted as a function of concentration at any
given temperature. Optimized cluster theory (OCT), which accounts for blend compressibility and for
fluctuations, is used to address this effect in blends of conventional and perdeuterated polyethylene.
Structure factors are calculated for symmetric systems having a concentration independent øbare ) 2.09
× 10-4 and chains of N ) 3290 or N ) 8746 monomers. When analyzed in terms of incompressible RPA
approach, exactly as done in experiments, the model returns an interaction parameter that is practically
indistinguishable from øbare for all blends concentrations between 0.01 and 0.99. Trivial departures from
the energetic øbare are attributed to equation-of-state effects. These results, combined those from
compressible lattice models, show clearly that compressibility has no significant role in determining the
composition dependence of the interaction parameter. The experimental behavior of isotope blends cannot
be ascribed to any theoretical reason (i.e., compressibility or density fluctuations) and is therefore
attributed to measurement errors.

Introduction

The interaction parameter for binary blends of chemi-
cally similar polymers, i.e., polyolefin blends and isotopic
blends, derived from scattering experiments is generally
found to be larger in blends dilute in either component.
Past theoretical work has attributed this to blend
compressibility and non-mean-field concentration fluc-
tuations. We illustrate conclusively that, when the
theoretical analysis tracks the experimental treatment
of scattering data, the interaction parameters are
independent of composition. Since this result is sepa-
rately verified by three separate models, namely the
Sanchez-Lacombe model (Kumar et al.1), the Bethe
lattice approach (Gujrati2), and here by optimized
cluster theory, we are forced to conclude that none of
the theoretical approaches adopted to this time can
explain the experimental results. The composition de-
pendence of the interaction parameter is currently not
understood but derives at least in part from limitations
inherent to the scattering experiment.

Critical Summary of Current Status of the Field

Small-angle neutron scattering (SANS) from binary
or, in some cases, ternary polymer blends is the most
valuable experimental tool for assessing interactions
between dissimilar chainlike molecules. An interesting
class of such systems is isotope blends, wherein the two
polymers are distinguished only by the substitution of
deuterium for hydrogen. Following the seminal predic-
tion of Buckingham and Hentschel,3 a number of
experiments confirmed the presence of repulsive inter-

actions between conventional and perdeuterated poly-
mers. These interactions, while small by many stan-
dards, may trigger phase separation in systems of high
degree of polymerization4 and in a one-phase blend give
rise to excess SANS that is represented by a positive
interaction parameter øNS. Deuterium in this case
provides both the nonideal free energy of mixing and
the contrast for the SANS experiment. Random phase
approximation (RPA) theory5,6 is used to evaluate øNS
from scattering data, subject to the following assump-
tions: (1) the blend is incompressible, so density fluc-
tuations are ignored; (2) free energy of mixing in excess
of that from ideal combinatorial entropy derives from
binary contacts that occur with a probability æ1æ2, i.e.,
random mixing is assumed for the one-phase blend.

SANS experiments for a binary blend with component
volume fractions æ1 and æ2 ) 1 - æ1 are analyzed to
define øNS according to7

I(0) is the experimental coherent cross-section per unit
volume extrapolated to q ) 0. Incoherent background
scattering has been subtracted, a step of potential
significance that is considered later in this paper. Blend
components have Ni monomers per chain (weight aver-
age if polymer is not monodisperse), the monomer
volumes are vi, the reference volume is usually chosen
as v0 ) (v1v2)1/2, and the contrast factor is KN ) (b1/v1 -
b2/v2)2, where bi are coherent scattering lengths of the
monomers. The relation of øNS to blend thermodynamics
depends on the concentration dependence of the free
energy of mixing, the latter being normalized for
thermal energy kT and the size of the reference volume
element v0. In this approach to solution theory, all
nonideal contributions to the normalized free energy of
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mixing are expressed as æ1æ2ø/v0, where ø is the
thermodynamic interaction parameter. One should note
that there are no a priori restrictions on how ø depends
on temperature T, chain length N, or concentration æ.
Ideal free energy of mixing is the product of -T and
the combinatorial entropy of the blend, reckoned on a
lattice with cell volume v0; each chain occupies Nivi/v0
lattice sites. The first term of eq 1 is the second
derivative of the normalized ideal free energy of mixing
with respect to volume fraction æ1. The reader is
reminded that ø/v0 and øNS/v0 are intensive quantities,
while the magnitude of either interaction parameter is
proportional to the chosen reference volume v0.

We are concerned with SANS experiments done with
one polymer pair at fixed T and variable concentrations
æi. The neutron scattering quantity øNS is related to the
thermodynamic ø by the relation8

One sees immediately that øNS ) ø if ø is independent
of concentration. We emphasize that there are two
related quantities that describe blend thermodynamics;
ø is a direct measure of nonideal contributions to the
free energy of mixing, while øNS is an experimental
quantity that is related to ø by eq 2. If ø has a
concentration dependence, the æ dependence of øNS is
considerably larger than that of the thermodynamic ø.8,9

A surprising, and in many ways disturbing, result is
that øNS has a pronounced concentration dependence in
each of the nine SANS studies reported for isotope
blends. Such behavior has been reported for one-phase
mixtures of conventional and deuterated poly(ethyleth-
ylene),10 poly(vinylethylene),10 polystyrene,11,12 polyeth-
ylene,12 poly(methyl methacrylate),13,14 polyisoprene,14

and poly(ethylene oxide).14 In all cases øNS changes by
at least 20% (typically more than 50%) when the volume
fraction of deuterated polymer æd is lowered/raised from
0.5 to 0.1/0.9. Excepting polystyrene, øNS increases for
isotope blends dilute in either component; for polysty-
rene blends øNS decreases toward the concentration
extremes. The concentration dependence of øNS in
isotope blends is illustrated by a polyethylene system
shown in Figure 1. Note particularly that øNS is nearly
constant near the midrange of concentration and ap-
pears to diverge in the limits of æd ) 0 or 1. We shall

distinguish between diverging behavior and parabolic
behavior, where øNS may curve upward (or downward)
about æd ≈ 0.5 to finite values at the concentration
limits. A related effect is that øNS appears to depend on
molecular weight as well.12

This unexpected concentration dependence of øNS in
isotope blends has led to considerable discussion. Ac-
cepting as correct experimental results such as those
in Figure 1, the implied dependence of the thermody-
namic ø on æ is counterintuitive and has led to ques-
tioning the relation between scattering and thermody-
namics and the SANS experiment itself. Schweizer15

notes that eq 1 establishes øNS as the difference between
two quantities that diverge as concentration of either
blend component approaches zero. He attributes the
divergence of øNS to errors stemming from the assump-
tion of blend incompressibility. Crist9 posited that the
ideal entropy of mixing, which gives rise to the first term
in parentheses on the right-hand side of eq 1, may be
incorrect for blends below the overlap concentration æ*.
A recent analysis of the SANS experiment16 showed that
systematic errors (e.g., incorrect degree of polymeriza-
tion N) will lead to either positive or negative divergence
of øNS when the thermodynamic ø is independent of æ.
The functional dependence of øNS when such errors are
operative is illustrated by the dashed line in Figure 1.
Regardless of whether the cause is inadequate theory
or imperfect experiments, the nature of eq 1 is certainly
conducive to øNS diverging at the concentration ex-
tremes. Care must be exercised with both experiments
and theories that examine the concentration dependence
of polymer blend thermodynamics.

Beyond the general arguments described above, a
stream of theoretical or simulation studies has appeared
during the past decade. All of these investigations have
focused on nonclassical concentration fluctuations and/
or compressibility, both being neglected in the RPA the-
ory that underlies eq 1. It is not our purpose to review
these analyses in detail, but the most salient points will
be emphasized. The classical or mean field treatment
of a solution relies on the average concentration and
hence predicts that the magnitude of concentration fluc-
tuations in the blend diverges at the instability line or
spinodal. More complete descriptions of fluctuations in-
clude nonrandom mixing and gradient energies, but the
region in which these refinements are important is
small in blends of large N polymers.17 Compressibility
refers to the influence of unoccupied or free volume on
the thermodynamic interactions between the blend
components.

In each study it was assumed that the monomer-
monomer interaction energies ε11, ε22, and ε12 are
independent of blend concentration æ and temperature
T. Hence, the exchange energy ε21 - (ε11 + ε22)/2, the
input for nonideal free energy of mixing, is constant as
well. Models or simulations return a thermodynamic ø
or scattering øNS. Comparison to the value expected from
exchange energy alone is facilitated by expressing the
latter as øbare:

The reference quantity øbare is by definition independent
of concentration and N and is inversely proportional to
T. Models or simulations with a fixed øbare have been
used to evaluate the thermodynamic ø or the scattering
øNS (or sometimes both) for different æi, usually with

Figure 1. Interaction parameter øNS as a function of concen-
tration for a blend of conventional and deuterated polyethyl-
ene. N1 ) 8298, N2 ) Nd ) 9196, T ) 443 K (160 °C). Data
from Londono et al.12 Dashed line is fit to øNS ) a + b/Næ1æ2,
which is seen in all isotope blends,9 and may be the conse-
quence of systematic experimental errors.16

øNS ≡ - 1
2

d2(æ1æ2ø)

d2æ1

(2)

øbare ) 1
2kT

(2ε12 - ε11 - ε22) (3)
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symmetric blends having N1 ) N2. At issue, of course,
is how ø and øNS depend on æi. These studies were often
done for various chain lengths and temperatures.

Nonclassical concentration fluctuations (or nonran-
dom mixing) have been treated by incompressible off-
lattice10,18,19 or lattice20,21 theories. The analysis of Bates
et al.10 appears to account for øNS diverging upward in
isotope blends (as in Figure 1), but that result derives
from approximations that are inapplicable at low æi
where øNS is seen to diverge. The fundamental problem
with that theory is manifested as a nonzero free energy
of mixing for the pure components. More recent treat-
ments of fluctuations19,21 have ø increasing smoothly to
øbare at æi ) 0.1 from a minimum at æi ) 0.5. For
physically realistic values (øbareN < 2 and N g 1000),
this change in ø is less than 1%, and øNS evaluated by
eq 2 varies by less than 3% with no divergence. While
fluctuations do cause a drop in øNS near the critical
point, the effect is at least an order of magnitude smaller
than observed and furthermore lacks the divergent
character of data in Figure 1.

Studies of compressible isotope blends without con-
sideration of nonrandom mixing, based on simple lattice
theory22,23 or lattice fluid theory,7,24,25 have returned
discordant results. Compressible lattice models include
voids or free volume as a third blend component.
Throughout this paper we retain macroscopic polymer
volume fractions æi where æ1 + æ2 ) 1, realizing that
the local volume fractions are scaled to account for the
presence of free volume. Of interest here are compress-
ible models for weakly interacting blends in which
overall monomer density is nearly independent of æ, or,
equivalently, the volume of mixing is nearly ideal.
Dudowicz and Freed23 found that øNS diverges down-
ward (as in experiments on polystyrene isotope blends),
while Bidkar and Sanchez24 and Talyor et al.7 had øNS
diverging upward (like all other isotope blends). Down-
ward divergence was also predicted by Hammouda in
his treatment of compressible RPA theory.26 In each
case, however, the apparent concentration dependence
of øNS is caused by incorrect definition of one of the two
terms on the right-hand side of eq 1. Difficulties arise
if the second term, which is calculated for a compressible
model, is not adjusted to conform to the incompressible
lattice underlying the first combinatorial entropy term
in parentheses.16 Recall that eq 1 is based on the free
energy of mixing per lattice site, the volume of which
includes both “hard core” and “free” volume. Compress-
ible lattice theories calculate the free energy of mixing
per monomer, but here the monomer volume is “hard
core” only and is smaller than v0 in the incompressible
approach. The compressible lattice has more, smaller
cells than the incompressible lattice of the same overall
volume. Absent a consistent basis for the two terms, øNS
from eq 1 invariably diverges at the concentration
extremes and gives a false indication that compress-
ibility alters blend thermodynamics in a significant
manner. The two terms can be made commensurate, as
in the most recent lattice fluid calculation of Taylor-
Maranas et al.,25 although the error in their earlier
work7 was not identified. The correct approach gave
essentially no variation of øNS with æ when øbare is
constant and volumes of mixing are nearly ideal. The
same conclusion, that compressibility in weakly inter-
acting blends in no way triggers a pronounced concen-
tration dependence of øNS, was made with a general
thermodynamic analysis by Kumar et al.1 These newer

findings agree with well-established statistical thermo-
dynamic results27-29 that scattering from density fluc-
tuations and concentration fluctuations are separable;
there is no correlation or coupling between density
fluctuations and concentration fluctuations in a com-
pressible blend, a point that is used in the present work.

The effects of fluctuations and compressibility can be
combined in more comprehensive theories or in simula-
tions. Schweizer and Curro30,31 applied polymer refer-
ence interaction site model (PRISM) theory to the study
of isotope blends and found that øNS curved upward by
as much as 40% over the range æd ) 0.1-0.9. Later
studies,32 with different model assumptions and differ-
ent parameters, gave a smaller æ dependence of øNS; the
effective interaction parameter increased nearly linearly
by less than 5% between æ ) 0.5 and æ ) 1 in blends
with N g 1000 and meltlike monomer densities. Du-
dowicz et al.33 have applied lattice cluster theory to
isotope blends. They found that øNS diverges downward
(as in the unique polystyrene system), but this results
from inappropriate definitions of terms in eq 1. Opti-
mized cluster theory (OCT), a diagramatically correct
integral equation theory, was employed by Melenkevitz
and Curro34 and by Melenkevitz35 to examine isotope
blends. Here øNS was observed to diverge upward at the
concentration extremes, but it is shown below that the
apparent æ dependence in that case is caused by
incorrect definition of one of the factors in eq 1. Gujrati2
has recently considered both fluctuations (nonrandom
mixing) and compressibility with a lattice model. That
work clearly demonstrates that divergence of øNS can
be caused by inconsistencies in the two terms in eq 1.

The last method to be discussed is simulations that,
like theories in the paragraph above, include both fluc-
tuations and compressibility. As simulations are con-
fined to short chains (N ) 16-128 in the works to fol-
low), fluctuations are expected to be important near the
critical point. Constant volume lattice Monte Carlo sim-
ulations of symmetric isotope blends by Binder and co-
workers showed that the thermodynamic ø36 and the
scattering øNS

37 have nearly parabolic upward curvature
with no divergence. The concentration dependence of ø
is reduced when T is raised above the critical temper-
ature Tc, as predicted for fluctuation effects. Kumar38

did an off-lattice Monte Carlo simulation of an isotope
blend (N ) 25) to obtain the thermodynamic ø at con-
stant pressure. The same type of system (N ) 50) was
investigated at constant density with molecular dynam-
ics by Cui et al.,39 who evaluated the scattering quantity
øNS. In these studies ø and øNS respectively were found
to be small and positive, but limited precision precluded
any meaningful assessments of concentration depen-
dence.

The collection of theories and simulations described
above presents a confusing picture. In an attempt to
summarize, we believe that fluctuations (nonrandom
mixing) lead in principle to upward curvature of the
thermodynamic ø near the critical temperature Tc, but
this concentration dependence (and the resulting æ
dependence of øNS) is very small for blends of large N
chains. Hence, fluctuations are thought not to be the
cause of the behavior seen in experiments such as those
in Figure 1. Compressibility is a thornier issue. Our
working hypothesis is that the divergent behavior of øNS
at the concentration limits reported in many theor-
ies7,23,24,33-35 is misleading. Supporting this notion is the
fact that ø and/or øNS do not diverge, although some
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upward curvature is apparent, in simulations,36,37 PRISM
calculations,32 and lattice theory2 that include com-
pressibility.

In this paper we apply optimized cluster theory (OCT)
to blends with parameters appropriate for polyethylene/
deuterated polyethylene (PE/d-PE). The procedure is
straightforward: holding øbare constant at a single tem-
perature, concentration æ is varied over wide limits.
OCT is used to evaluate I(0) for the blends, which are
analyzed with eq 1 to obtain øNS exactly as in experi-
ments. The scattering quantity øNS from this OCT
treatment of compressible blends equals øbare within a
factor of about 10-3, with no significant dependence on
either concentration æ or chain length N. Hence, com-
pressibility and nonrandom mixing, both of which are
included in the model, are unambiguously shown not
to be the cause of experimental results such as those in
Figure 1. Other possible causes for observed behavior
are considered.

Optimized Cluster Theory
Optimized cluster theory (OCT) has been developed

for binary polymer-polymer mixtures by Melenkevitz
and Curro.34 Only a brief outline of the theory is given
here. OCT starts by separating the interaction between
any two sites (monomers) on different chains into a
steep repulsive potential and more a slowly varying tail
potential that is generally attractive. The former, as-
sumed in the present work to be of the hard core type
with characteristic distance d, is the reference potential.
Of interest are the Helmholtz free energy A and the
three intermolecular monomer-monomer correlation
functions hij(r) for chains of type i, j ) 1, 2. OCT uses
the site averaging approximation, where intramolecular
correlations are replaced by two-point averages ex-
pressed as si(r);34 all chains of type i are represented
by a single intramolecular correlation function si(r),
which further ignores explicit chain end effects. In the
absence of tail potentials, the hard core reference
potential leads to a reference free energy Ao and the
reference correlation functions ho

ij(r). When the full
potentials are present, the desired quantities A and
hij(r) are written as the sum of reference functions plus
appropriate cluster perturbation expansions, expressed
as infinite sums of interaction site diagrams. Further-
more, it is necessary to divide each correlation function
hij(r) into four terms, based on topology of the interaction
diagrams.34

Utilized here is an integral equation theory for poly-
mer blends that is diagramatically proper, i.e., devel-
oped through exact topological reductions of the cluster
expansion for the pair correlation functions. Written in
matrix form, the integral equation expresses ĥ(q), the
Fourier transform of the correlation function h(r):34

ĥ(q) is a symmetric 2 × 2 matrix with elements ĥij(q),
each of which is in turn a 2 × 2 submatrix of four terms
based on topology of interaction site diagrams. The
matrix ĉ(q) has the same structure, and its elements
are Fourier transforms of the direct correlation function
cij(r). Fourier transforms of the intramolecular correla-
tions si(r) are contained in the (block diagonal) elements
of ŝ(q), and monomer number densities Fi are the
elements of G. Details are given in ref 35.

The solution of eq 4 requires a closure relation
between c(r), h(r), and the full pair potentials, a step

most readily achieved by specifying the correlation
functions with respect to the reference system of hard
core chains employed in the optimized cluster theory.
Defining δh(r) ) h(r) - ho(r) and δc(r) ) c(r) - co(r),
where ho and co are correlation function matrices for
the reference system, eq 4 can be rewritten as34

Here I is the identity matrix. The closure relations
establish that δhij(r) ) 0 for r < d (no overlap within
the range of the hard core potential) and that δcij(r) are
explicit functions of the tail potentials for r g d.

With these closure relations, eq 5 is solved numeri-
cally for δĥ(q) by the Picard iteration procedure to a
convergence of ca. 10-8. The result establishes the
Fourier transforms of the three pair correlation func-
tions ĥij(q) ) ĥo

ij(q) + δĥij(q), which are used to write
the partial structure factors of the blend:

The reader is reminded that OCT is an approximate
theory that is most accurate at high density and temper-
ature, where the effects of short-range tail potentials
are small. More complete descriptions of the theory and
input parameters (pair potentials, intrachain correlation
function matrix ŝ(q), reference system correlation func-
tion matrices ĥo(q) and ĉo(q)) may be found in refs 34
and 35.

Application of OCT to Polyethylene Isotope
Blends

Parameters are precisely those used in an earlier
study35 of the same systems. Two symmetric blends are
considered, one with N ) 8746 and the other with N )
3290, based on CH2 (or CD2) monomers that are treated
as united atom entities. The large N blend corresponds
to the experimental system in Figure 1, aside from a
10% difference between N1 and N2 in the latter. N )
3290 was chosen to check for chain length effects.
Concentration ranges from æ2 ) æd ) 0.01-0.99 (the
subscript 2 is used throughout for d-PE). Monomer
density is F ) 33.54 nm-3, which is based on mass
density of 779.6 kg/m3 for molten PE at T ) 430 K and
ambient pressure.40 Hence, both monomer volumes and
the reference volume are v ) v1 ) v2 ) v0 ) 0.02983
nm3, which neglects the ca. 0.4% contraction that might
be expected in d-PE.41 Intermolecular Lennard-Jones
potentials for PE utilize the energy parameter (well
depth divided by the Boltzmann constant k) e11 ) 38.7
K and the length parameter σ ) 0.437 nm;42 the latter
was used for d-PE as well. The potential between PE
and d-PE monomers uses the Berthelot average e12 )
(e11e22)1/2, where e22 was established by matching the
experimental critical temperature Tc ) 398 K for the
PE isotope blend with N ) 8746.12 In this study e11/e22
) λ2 ) 1.030, or intermolecular bonding in d-PE is 3%
weaker than in PE. With these energies the interaction
parameter is øbare ) 2.086 × 10-4 at T ) 443 K.43 The
hard core diameter d is fixed at 0.390 nm for both types
of chains,42 and the intrachain correlation function
ŝi(q)has been described previously.35 Calculations are
done at T ) 443 K, which corresponds to øbareN ) 0.68
and 1.83 for N ) 3290 and 8746, respectively.

A. RPA Analysis. Equation 6 is used to evaluate the
OCT partial structure factors Sij(q) at q ) 0, and these

ĥ(q) ) ĉ(q) + ĉ(q)Gŝ(q) + ŝ(q)Gĥ(q) + ĉ(q)Gĥ(q) (4)

δĥ(q) ) {I - [ŝ(q) + ĉo(q) + δĉ(q)]G}-1δĉ(q){I +
G[ŝ(q) + ĉo(q)]}{I - G[ŝ(q) + ĉo(q)]}-1 (5)

Sij(q) ) Fi[1 + ŝi(q)]δij + FiFj ĥij(q) (6)

6872 Melenkevitz et al. Macromolecules, Vol. 33, No. 18, 2000



define the scattering intensity at q ) 0:

Scattering lengths are b1 ) -0.083 and b2 ) 1.996 (10-12

cm) for CH2 and CD2, respectively. IOCT(0) is evaluated
for blends of specified æd ) æ2 and substituted into eq
1, which is simplified because all volumes are equal to
v:

This apparent interaction parameter is labeled øapp for
reasons that will become clear below. Results are pre-
sented graphically in Figure 2, where it is evident that
øapp is for the most part constant, independent of both
æd and N. Note furthermore that øapp is very close to
øbare ) 2.086 × 10-4. Also included in Figure 2 are re-
sults from a previous OCT study of precisely the same
N ) 8746 blend.35 In that work the monomer volumes
v1 and v2 and reference volume v0 were mistakenly set
at πd3/6 ) 0.03106 nm3 (based on hard core diameter
d), which is larger than the monomer volume used here.
This discrepancy reduces the second term on the right
side of eq 8 by 4% and led to the misleading upward
divergence of øapp. While not shown in Figure 2, øapp
from the previous OCT work was about 10% larger for
the N ) 3290 blends, a related artifact that vanishes
when proper volumes are used. Those earlier, incorrect
results are included to emphasize the sensitivity of øNS-
(æ) to a systematic error in either of the two terms on
the right-hand side of eq 1. The same sort of inconsis-
tency is the cause of extreme æ dependence of øNS
reported in other treatments of compressible sys-
tems.7,23-26,38

Returning to the present results, there is an abrupt
increase in øapp as æd approaches 1, which is more
conspicuous in the low N blend. Barely evident in Figure
2 are very small increases of the same sort as æd
approaches 0. The reason for this asymmetric æ depen-
dence of øapp is that IOCT(0) has contributions from both
concentration fluctuations, which are related to ø, and
density fluctuations. In eq 1 it is assumed that the
intensity I(0) is exclusively from concentration fluctua-
tions, which is not the case for eq 5 that employs IOCT-
(0). For a compressible blend at pressure P and tem-
perature T the intensity at q ) 0 is given by1,28

Here the suffix (0) has been omitted for simplicity.
Intensity from density fluctuations, Iden, is proportional
to the average scattering length 〈b〉 ) x1b1 + x2b2 and
to the isothermal compressibility â of the blend with
monomer mole fractions x1 and x2 ) 1 - x1. Concentra-
tion fluctuations give rise to Iconc, which is written in
terms of partial monomer volumes vji and the second
derivative of the Gibbs free energy of mixing (per
monomer) gm with respect to x1. The average monomer
density F conforms to 1/F ) x1vj1 + x2vj2, and the contrast
factor is now K′N ) (b1/vj1 - b2/vj2)2.

The asymmetric increase in øapp near the concentra-
tion limits in Figure 2 can be understood in qualitative
terms with the aid of eq 9. Iden increases with 〈b〉2 by a
factor of nearly 600 between PE (æd ) 0) and d-PE (æd
) 1) because b2 ) 24|b1|. Scattering from concentration
fluctuations, Iconc, on the other hand, is zero in the pure
components and has a maximum at æd ) 0.5. Hence,
IOCT ) Iden + Iconc is a good approximation of Iconc at
intermediate concentrations, and øapp ≈ øbare. When æd
approaches either limit, Iconc approaches zero as æ1æ2,
and the total scattering IOCT is increasingly contami-
nated by Iden, much more so for æd ≈ 1. Because IOCT >
Iconc, eq 8 gives øapp that is too large, and the effect is
greater for the low N blend that has smaller Iconc.
Regardless, it is clear from Figure 2 that the RPA
analysis for a fully compressible system returns a
measure of the interaction parameter that is quite close
to øbare over most of the concentration range. A more
detailed study requires separation of IOCT into its
components Iden and Iconc.

B. Thermodynamic Analysis of IOCT. Compress-
ibility has two effects on the scattering IOCT. The obvious
one is the presence of density fluctuations that lead to
Iden. Furthermore, it is possible that compressibility (the
presence of “voids” or free volume) influences the
functional form of gm, i.e., the thermodynamics of
mixing. To examine such an effect, we replace the total
intensity IOCT in eq 5 by Iconc, which comes from
concentration fluctuations only:

The second term is simply 1/2(∂2gm/kT)/∂x1
2 (see eq 9c),

while the first term is the incompressible analogue for
an ideal blend. It is important to note that each term is
based on free energy of mixing per monomer unit having
volume v ) 1/F. A misleading divergence of øNS will be
seen if the same basis is not used for the two terms, as
evident in Figure 2.

For a particular blend with volume fractions æ1 and
æ2 ) 1 - æ1, OCT returns the three partial structure
factors Sij that establish the total intensity IOCT (eq 7).
At this point we employ the treatment of scattering from
a binary, compressible blend presented by Higgins and
Benoı̂t,28 which in fact leads to eq 9. The three Sij are
used to evaluate the compressibility as kTâ and the
partial monomer volumes vj1 and vj2 as described in

Figure 2. Apparent interaction parameter øapp from eq 8 for
OCT isotope blends at T ) 443 K (øbare ) 2.086 × 10-4). Dashed
line connecting the points for N ) 3290 is to guide the eye.
Solid triangles (2) are earlier OCT results for N ) 8746;35 see
text for significance.

IOCT(0) ) b1
2S11(0) + 2b1b2S12(0) + b2

2S22(0) (7)

øapp ≡ 1
2Næ1æ2

-
vKN

2IOCT(0)
(8)

IOCT ) Iden + Iconc (9a)

Iden ) 〈b〉2F2kTâ (9b)

Iconc )
F3kTvj1

2vj2
2K′N

[∂2gm/∂x1
2]T,P

(9c)

øNS ≡ 1
2Næ1æ2

-
F3vj1

2vj2
2K′N

2Iconc
(10)
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Appendix A. Compressibility leads directly to Iden (eq
9b), which is then used to reckon the scattering from
concentration fluctuations as Iconc ) IOCT - Iden. Results
for the scattering quantity øNS from eq 10 are plotted
in Figure 3. Realizing that the ordinate in this figure
extends only 1%, the interaction parameter for these
compressible blends is essentially constant, with no
indication whatever of divergence at either concentra-
tion extreme, and only slightly larger (0.3%) than øbare.
Be aware that convergence errors lead to some noise at
this level of precision.

Nevertheless, it appears that øNS increases systemati-
cally with æd and is larger for N ) 8746 than for N )
3290. Each of these changes is less than 0.13% (relative)
and is attributed to subtle equation of state effects that
also raise øNS slightly above øbare. Absolute compress-
ibility from OCT is reasonable, some 50% below the
experimental â ) 11 × 10-10 m2/N for conventional PE
at 443 K.44 The calculated compressibility is ∼5% larger
in blends with greater æd and smaller N, which parallels
the behavior of øNS. It is reasonable that equation-of-
state effects are more evident in more compressible
systems.

We formulated the problem with actual scattering
lengths b1 and b2 for CH2 and CD2, respectively.
Changing these parameters obviously affects intensities
IOCT (eq 7), Iden (eq 9b), Iconc ) IOCT - Iden, and the
contrast factor K′. But øNS (eq 10) is independent of
scattering length, as it should be.

Discussion
The primary result developed here is that the SANS

experiment should give an excellent measure of the
thermodynamic ø in a compressible blend, at least for
the standard test case where øbare is independent of
concentration. Compressibility presents no difficulty
when I(0) is analyzed in the incompressible RPA format.
Model results in Figure 2 do contain a spurious contri-
bution from density fluctuations that causes øapp to rise
asymmetrically at the concentration extremes, but that
sort of behavior is never seen in experimental øNS for
isotope blends. The scattering contribution from density
fluctuations is not observable in liquids (or glasses)
because it is masked by stronger SANS incoherent
“background” intensity, which comes primarily from
hydrogen. It is an easy exercise to show that incoherent
scattering is at least an order of magnitude larger than
Iden for the blends in Figure 1, and the same applies to
other isotope blends. In all cases experimental I(0) are
corrected for incoherent background in a manner which
simultaneously removes the smaller Iden.45 These cor-

rected experimental I(0), which are used in eq 1 to
determine øNS, are not affected by blend compressibility.
We are left with the inescapable conclusion that com-
pressibility does not account for the pronounced con-
centration dependence of øNS in Figure 1 and in other
experiments on isotope blends.10-14

Why are the data in Figure 1 so different from the
OCT results in Figure 3? Two possible answers will be
considered. The first is that the thermodynamic ø (for
instance the exchange energy or øbare) has a real
concentration dependence that gives rise to øNS(æ)
through eq 2. Furthermore, if the data in ref 12 are
considered to be accurate representations of the ther-
modynamics in PE/d-PE blends, then the concentration-
dependent ø decreases at larger N. It was noted ear-
lier9,12 that the æ, N, and T dependencies of øNS are
consistent with a positive contribution to the free energy
of mixing that is entropic in nature. Beyond this general
observation, we can propose no cause for a genuine
concentration dependence of ø when øbare is constant.

The second answer is based on experimental short-
comings. Returning to eq 1, be reminded once again that
øNS is defined by the difference between two terms, each
of which diverges as the concentration limits are ap-
proached. In an experiment, as opposed to a theory or
simulation, these terms are subject to uncertainties. The
first term reflecting the ideal entropy of mixing requires
absolute degrees of polymerization, N1 and N2, which
are accurate to about (5%. The second term involves
I(0), which is based on absolute calibration of the SANS
instrument and extrapolation to q ) 0 of background
corrected intensities. Instrument calibration is also
accurate to about (5%.10 Background subtraction is
sample specific, being more of an issue with blends of
low N and low æi that have small Iconc. Now any
experimental concentration series with a pair of poly-
mers likely has incorrect N1, N2, and I(0). Such un-
avoidable systematic errors lead to ø′NS(æ) from eq 1 that
diverges upward or downward at the concentration
limits when the thermodynamic ø (or energetic øbare) is
constant.16 We use the modified symbol ø′NS to empha-
size that the apparent concentration dependence of the
SANS result does not necessarily reflect blend thermo-
dynamics. The functional form is ø′NS ) a + b/Næ1æ2,
which captures the experimental behavior as illustrated
by the dashed line in Figure 1, and further accounts
for the N dependence that is seen when the experimen-
tal øNS is concentration-dependent.16 Divergence is
upward (b > 0) for Ni too small or I(0) too large and is
less pronounced for large N.

As any SANS experiment is prone to systematic errors
that cause exactly the sort of concentration dependence
and N dependence displayed by øNS in isotope blends,
it is tempting to write off øNS(æ,N) as an experimental
artifact. Attractive as this idea is, two difficulties follow.
First, øNS is upward curving in seven of the nine studies
of isotope blends; only PS/d-PS has øNS diverging
downward.11,12 Add to this list similar upward curvature
(apparently following øNS ) a + b/Næ1æ2) in weakly
interacting blends of structurally different polyolefins,
one of which is deuterated.46-48 The only exception is
the concentration independent øNS reported by Lin et
al.49 for blends of two short-chain branched polyolefins.
A summary of experimental øNS(æ) is presented in
Appendix B. Attributing øNS(æ) to experimental errors
leads to the unsettling corollary that, more than 90%
of the time, measured degrees of polymerization are too

Figure 3. Interaction parameter øNS from eq 10 for OCT
isotope blends at T ) 443 K (øbare ) 2.086 × 10-4). Dashed
line connecting the points for N ) 3290 is to guide the eye.
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small or that improper calibration leads to I(0) that is
too large. While this situation is not impossible, one
would anticipate a roughly equal number of examples
of upward and downward curvature. Beyond the infer-
ence that systematic errors made by different experi-
menters are almost always of the same type, there is
the second issue of their magnitude. The concentration
dependence of øNS in Figure 1 implies that the apparent
Ni must be 33% below their true values, or the apparent
intensity I(0) must be 50% too large. Intensity calibra-
tion is not in error by anything approaching 50%.
Molecular weights were determined by size exclusion
chromatography on the PE and d-PE components,12 and
a 33% error in the weight-average quantities is outside
the expected accuracy range. This example is extreme;
the more recent work of Krishnamoorti14 on three
isotope blends shows upward curvature that can be
accounted for by combined measurement errors of less
than 10%,16 which is of the order expected.

Conclusions
The present OCT study incorporates realistically large

chains, nonclassical fluctuations, and compressibility.
Furthermore, results are interpreted exactly as experi-
mental SANS intensities to probe the relation between
scattering and blend thermodynamics. These elements
are combined for the first time in this theoretical inves-
tigation. For symmetric isotope blends in which the rep-
ulsive exchange energy or øbare is independent of æ and
N, OCT returns øNS that is sensibly identical to øbare at
all concentrations for the two values of N considered
here.

Many polymer scientists are justifiably perplexed by
the wide variety of results from theories and simulations
of isotope blends described in the critical summary. And
here we report that øNS is constant, a yet different re-
sult. This new finding should be justified in relation to
other work. Remember that experiments nearly always
indicate positive divergence of øNS, as in Figure 1.

Nonclassical fluctuations (nonrandom mixing) do, as
mentioned earlier, cause the thermodynamic ø and the
scattering øNS to fall below øbare near the critical point,
an effect proportional to 1/N. While that behavior is
qualitatively similar to data in Figure 1, we agree with
Singh et al.32 that realistic treatments of fluctuations
lead to changes much smaller than those observed
experimentally. Furthermore, øNS(æ) from fluctuations
never diverges at the concentration extremes. OCT gives
no observable upward curvature of øNS (Figure 3) for
the chain lengths and density used here, meaning that
classical or mean field behavior is reflected in the
present cases, though fluctuation effects are seen for
shorter chains.50 It is misleading to imply10,19,20 that
fluctuations are responsible for the observed øNS(æ,N)
in isotope blends that have large N.

We have also demonstrated that compressibility is in
no fundamental way responsible for the divergence of
øNS seen in experiments. OCT structure factors, ana-
lyzed with the incompressible entropy term (see eq 8),
give øNS within 0.3% of øbare. Compressibility has been
particularly troublesome with lattice theories, where the
reference or monomer volume is different from that in
the first (incompressible) term of eq 1. We return to our
earlier statement that the structure of eq 1 leads to
apparent divergence of øNS if the two terms, the first
coming from the ideal free energy of mixing and the
second from the total free energy of mixing, are not
reckoned on the same basis. Gujrati2 has made the same

point in his most recent paper. However, it is not
difficult to put the two terms on the same footing. Then
one is perfectly justified to interpret the scattering of a
compressible system, be it experimental, theoretical, or
simulated, with the incompressible term in eq 1. Note
that the incompressible or RPA basis is the only one
accessible to experimentalists.

Sometimes overlooked is the fact that the scattering
øNS does not equal the thermodynamic ø when the latter
is concentration dependent (eq 2). These two measures
of nonideal free energy of mixing have different concen-
tration dependencies. The OCT results in Figure 3 in-
dicate that øNS increases linearly by 0.12% over the en-
tire concentration range, which implies that the ther-
modynamic ø changes by less than 0.05% in this model.

In contrast to OCT results, experiments on isotope
and polyolefin blends lead to øNS that increases by ca.
50% when æd is changed from 0.5 to 0.1 or 0.9. We
conclude that results such as those shown in Figure 1
are the result of measurement errors that lead to
apparent concentration dependence of øNS. In fact, one
should expect divergence of the sort ø′NS ) a + b/Næ1æ2
from inevitable experimental uncertainties. The reason
why the curvature is nearly always in the same direc-
tion (b > 0) is not known.

We end this presentation by reiterating that the
present OCT study of polymer blends gives no unex-
pected effects due to compressibility and/or nonclassical
concentration fluctuations. Interactions are described
to within a factor of about 10-3 by mean field concepts.
For isotope blends and, by inference, other weakly in-
teracting blends, the incompressible RPA format for
analyzing background corrected SANS data should yield
an excellent measure of øbare. Experimental uncertain-
ties are the most likely causes for the apparent concen-
tration dependence of øNS; the nature of eq 1 requires a
nearly perfect experiment to determine the true
øNS(æ,N). Nevertheless, the quantity øNSN derived from
SANS experiments for which æd ≈ 0.5 is reliable because
the two terms in eq 1 are large. Assuming N is known
with reasonable certainty, the resulting øNS(æ)0.5) can
be associated with the concentration-independent ther-
modynamic ø. Precisely this scheme has been used to
generate Flory-Huggins binodals for analyses of deeply
quenched two-phase polyolefin blends. Quantitative
agreement between observed and calculated volume
fractions51 and coarsening rates52 confirms the notion
that ø is independent of concentration and chain length
in weakly interacting polymer blends.
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Appendix A

The partial structure factors S11, S12 ) S21, and S22
at q ) 0 are evaluated for a compressible blend at
constant volume. We wish to convert these results to
constant pressure, which corresponds to experiment. To
this end we rearrange eq 7.42 of ref 28 to obtain

kTâ ) 1
F2

S11S22 - S12
2

x2
2S11 - 2x1x2S12 + x1

2S22

(A1)
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Individual partial monomer volumes are established
with relation to overall monomer density:

In the limit of an incompressible blend, S11 ) S22 )
-S12; hence kTâ ) 0, vj2/vj1 ) 1, and vj2 ) 1/F.

Appendix B
Figure 4 summarizes the concentration dependence

of øNS for isotope blends, and Figure 5 presents the same
information for weakly interacting blends. Abscissa is
the date of publication. The dashed lines are estimates
of concentration dependence based on systematic errors
of (10%.
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